In this paper, a new discrete distribution is introduced by compounding the geometric distribution with a zero truncated Poisson distribution, named geometric-zero truncated Poisson (GZTP) distribution. Some basic properties of the new distribution, such as the hazard rate function, moments, mode, median, etc., are studied. We show mathematically and numerically that the hazard rate function is increasing. The model parameters are estimated by the moment, least squared error and maximum likelihood methods. A simulation study is performed to compare the performance of the different estimators in terms of bias and mean squared error. An application of the new model is also illustrated using the three real data sets.
INTRODUCTION
In recent years, several new continuous distributions have been introduced by compounding an absolutely continuous distribution with a discrete distribution in the literature. For example, exponential-geometric (Adamidis and Loukas [1] ), Weibull-geometric (Barreto-Souza et al. [2] ), Weibull-Poisson (Hemmati et al. [3] ; Lu and Shi [4] ), exponential-Poisson (Kuş [5] ), exponential-logarithmic (Tahmasbi and Rezaei [6] ) are some remarkable distributions in this connection. Unlike continuous compound distributions, which are created by compounding an absolutely continuous distribution with a discrete one, discrete compound distributions, i.e., compounding two discrete distributions, have not received much attention in the literature, especially in reliability context and statistical modelling.
There exist some complex systems in reliability having components with discrete distributions (see, e.g., Kemp [7] and Noughabi et al. [8] ). Now, if the components of a system are themselves random variables with a discrete distribution, then compounding these two discrete distributions can be applied to the lifetime of parallel or series systems. Indeed, the distribution of maximum (minimum) of N components can be obtained by compounding method and has many applications in parallel (series) systems in reliability. Some studies in these subjects can be addressed as uniform-geometric distribution of Akdoğan et al. [9] and uniform-Poisson distribution of Gomez-Deniz [10] . In this paper, we are going to introduce a new discrete distribution by compounding a geometric distribution with a zero-truncated Poisson distribution. The new two-parameter discrete distribution has an increasing hazard rate function, which can be used in modeling discrete real data. This property is proved mathematically under a theorem.
The paper is organized as follows. Section 2 introduces the proposed discrete distribution with its properties, such as probability mass function (pmf), cumulative distribution function (cdf), hazard rate and quantile functions as well as median and mode. Section 3 involves moments. The statistical inference is discussed in Section 4. A simulation study is performed in Section 5. Finally, an application of the new discrete model is illustrated in Section 6. Concluding remarks are given in Section 7. ;
PROPOSED DISCRETE DISTRIBUTION AND ITS PROPERTIES

Letters Pmf and Cdf of the Proposed Distribution
where 
The random variable X with the pmf Eq. (2) is said to have a geometric-zero truncated Poisson distribution and will be denoted by ( ) , X GZTP q õ . The random variable X is potentially useful in various fields, especially in parallel systems considering discrete distribution for their components (see, e.g., Nakagawa and Zhao [11] ). .
( ; , )
In addition, it is clear that lim ( ; , ) 0. 
Corollary(Unimodal):
The pmf of ( ) , GZTP q o distribution is unimodal and its mode is Proof. The unimodality of ( ) , GZTP q o distribution is achieved by the fact that log-concave pmfs are strongly unimodal and thus unimodal. (see, e.g., Keilson and Gerber [12] ) To obtain mod( ), X let us consider the pmf given in (pmf) be a continuous function in .
x Then, it is easy to see that the maximum of the pmf happens at the point
.
Hazard Rate Function
Let ( , ). X GZTP q õ Then, the hazard rate function of X is given by
The hazard rate function of ( , ) GZTP q o distribution is increasing for any value of q and .
o Proof. It is obvious that log-concave pmfs have an increasing hazard rate function (see, e.g., Keilson and Gerber [12] ). Thus, using Theorem 2.1, the hazard rate function is increasing for any value of q and . o The plots of hazard rate function are given in Figure 2 . As we see from the graph, the hazard rate function of ( , ) GZTP q o is increasing for all values of q and o parameters. 
Quantile Function
The quantile function of the
. Then, using Eq. (3), we have:
Inverting Eq.(4), one obtains
From the non-decreasing property of ( ) 
where F is the cdf of ( )
. In a special case, the median of 
Approximate and Exact Bounds of the Moments
It is clear that ( ) E X can not be calculated easily using the above equation. Therefore, we attempt to discuss an approximate value for ( ) E X here. A method for estimating the sum of a positive series, whose convergence has been guaranteed, is the ratio test method. Let ; å be the n th partial sum. The ratio test method is given in the following lemma.
Lemma 1. (
The ratio test; Braden [13] ). Suppose { } n a is a positive decreasing sequence such that 
Approximate and Exact Variance, Skewness, and Kurtosis
In this section, approximate and exact variance, skewness and kurtosis of ( , ) GZTP q o are given in Tables 2-4 . From Tables 3 and 4 , it seems that ( , ) GZTP q o is rightly-skewed and leptokurtic.
PARAMETER ESTIMATION
Estimation by the Maximum Likelihood Method
Let 1 2 , , , n X X X  be a complete random sample from 
respectively. Thus, the score equations are obtained by
( )
The maximum likelihood estimation (MLE) of the parameters, i.e., q and ô can be achieved by solving Eqs (7) and (8), using Newton-Raphson procedure. An approximate Fisher information matrix can be obtained by
whose entries are the estimated second order derivatives of Eq. (6). It can be shown that the ( , ) GZTP q o family satisfies the regularity conditions which are fulfilled for parameters in the interior of the parameter space but not on the boundary (see, e.g., Ferguson [14] ). Thus, z a is the percentile of the standard normal distribution with right-tail probability / 2 a .
Estimation by the Method of Moments
To estimate the parameters of ( , ) GZTP q o distribution by the method of moments (MM), we need the first and second sample moments, which are given below:
Eqs (10) and (11) can be solved numerically using Newton-Raphson method. The solutions of eqs (10) and (11) are moments estimates ( ) 
Estimation by Least Squares Error Method
This procedure can be performed by Gauss-Newton method.
SIMULATION STUDY
In this section, a simulation study is performed to compare the performance of different estimations discussed in the last section. In this simulation, we generate 10000 random samples with sizes 50, 100, 300, and 500 from the , GZTP q o can be generated by using the following algorithm:
We compare the performance of these estimators in terms of their biases and mean square errors (MSEs).
In Tables 5 and 6 , we report the biases and MSEs of these estimators for some parameter values. From Tables 5 and 6 , we see that all estimators are biased but asymptotically unbiased. The MLE and the LSE are almost identical in terms of MSE and both performs better than MM. Also, as the sample size n increases, the bias and MSE of the estimators reduce as expected.
APPLICATION
In this section, we fit the ( ) , GZTP q o model to the two real data sets and compare it with the following The summary of calculations is given in Table 8 . 
CONCLUDING REMARKS
In this paper, a new two-parameter discrete model with an increasing hazard rate function is introduced. The new model is obtained by compounding a geometric distribution with a zero-truncated Poisson distribution with a simple structure. In fact, the new model is obtained by considering maximum of N iid geometric random variables, where N has a zero-truncated Poisson distribution, with applications in parallel discrete systems. The basic statistical and mathematical properties are studied in this paper. Potentiality of the new model is indicated with the good results using the two real data sets. To complete this work, one can consider the minimum of the geometric random variables with applications in series discrete systems in reliability.
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